We perform precision measurements on the 5D 5/2 manifold hyperfine intervals of a single trapped ion, 137 Ba + . RF spectroscopy is used to measure the hyperfine intervals to an accuracy of a few Hz. Our results provide a three orders of magnitude improvement in accuracy over previous work and also provide a 10-fold improvement in the value of gJ for this level. These results complement our previous work on the 5D 3/2 manifold of 137 Ba + , providing an independent measurement of the nuclear octupole, and a consistency check on atomic structure calculations.
High precision measurements of the hyperfine structure provide stringent tests for state-of-the-art atomic structure calculations. Comparing measured hyperfine structure constants with calculated values allows one to experimentally assess the accuracy of the structure calculations [1] . These calculations play a crucial role in the interpretation of parity nonconservation (PNC) experiments which provide important tests of the standard model at low energy [2] . In addition, the hyperfine structure provides insight into the nuclear structure of atoms [3] . By using standard ion manipulation techniques [4, 5] and high precision rf spectroscopy methods [6] on a single trapped ion, the hyperfine intervals of the 5D 5/2 (τ ≈ 32s [7] ) manifold are measured to an accuracy of a few Hz. These results complement our previous work on the 5D 3/2 manifold of 137 Ba + (I = 3/2), providing an independent measurement of the nuclear octupole, and a consistency check on the associated atomic structure calculations.
Using the notation from [8] , the zero field hyperfine intervals δW F = W F − W F +1 of the 5D 5/2 manifold are 
where η and ζ are the second-order correction terms characterizing the hyperfine mixing with the lower 5D 3/2 manifold. Detailed expressions for these terms are given in Appendix A. By solving the above equations one can get the hyperfine constant C from measurements of the hyperfine intervals, δW 
From atomic structure calculations [1, 9] , the nuclear magnetic octupole moment Ω( 137 Ba
) can be related to the hyperfine constant C(5D 5/2 ) via C(5D 5/2 ) = −0.25 (1) Ω µ N × b kHz, (5) where µ N is the Bohr magneton and b is the barn unit of area. In the 5D 3/2 manifold the equivalent equations are C(5D 3/2 ) = − 1 80 δW 
and C(5D 3/2 ) = 0.584 (6) 
which provides an independent determination of the octupole moment and a consistency check in the associated atomic structure calculations. Combining the measurements of the hyperfine C constant in the 5D 5/2 manifold with the previous measurements in the 5D 3/2 manifold [10] , the correction factor, ζ, can be eliminated resulting in equations The ion is prepared in the |F = 2, mF = 2 state of the 6S 1/2 level from where it is shelved to |F ′′ = 2, m F ′′ = 0 of the 5D 5/2 level with a pair of Raman beams which are reddetuned by ≈ ∆ = 2π × 20 GHz from the 6P 3/2 level. The rf transition is detected by shelving back to the 5S 1/2 level and fluorescing (see text). The three rf transitions of interest are indicated by the arrows.
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To determine the hyperfine constant C, we infer δW (5/2) k from measurements of the splittings over a range of finite magnetic fields and extrapolating the results to zero field. For such measurements, states least sensitive to magnetic fields are preferred as they allow for longer integration times and hence higher precision. Due to the small energy difference of ≈ 500 kHz between F ′′ = 3 and F ′′ = 4 levels of the 5D 5/2 manifold there is a significant amount of Zeeman mixing between these states even for low magnetic fields. As a consequence, the second order zeeman shifts of the |F ′′ = 3, m F ′′ = 0 and |F ′′ = 4, m F ′′ = 0 energies are large and therefore the accuracy in determining the intervals is greatly limited by magnetic field fluctuations. Instead it is much more favorable to use states |± , which, neglecting mixing with the F ′′ = 1, and F ′′ = 2 states, have the approximate form
for positive magnetic fields, as proposed in [11] . The mixing angles θ ± are functions of the applied magnetic field with θ ± = 0 at zero field and θ ≈ π 4 over the magnetic field range of 0.4 − 2 G explored in this work. Over the same magnetic field range, |1 ≡ |F ′′ = 1, m F ′′ = 0 , and |2 ≡ |F ′′ = 2, m F ′′ = 0 are also only weakly dependent on the magnetic field. Therefore measurements are carried out on the transitions |2 ↔ |1 and |2 ↔ |± as depicted in Fig. 1 . It is worth noting that the |2 ↔ |− transition contains two turning points in its dependence on the magnetic field and the |2 ↔ |+ transition contains one. As with our previous measurement of the 5D 3/2 hyperfine intervals [10] , the full magnetic field dependence of the transitions is mapped out.
The method for measuring the hyperfine intervals of the 5D 5/2 manifold is similar to one detailed in [10] . Briefly, the ion is first Doppler cooled and then optically pumped to the |F = 2, m F = 2 ground state. The ion is then shelved to |2 state with ≈ 95% efficiency using a two color Raman transition with 455 nm and 615 nm lasers. An rf antenna, driven by a signal generator synchronized to a GPS-disciplined Rb clock, is then used to drive the transition of interest. To determine if the hyperfine transition occurred we use a second Raman pulse to transfer the ion from the |2 state back to the |F = 2, m F = 2 ground state. The ion fluorescence from the Doppler cooling lasers is then counted using a single photon counting module. Thus, the fluorescence counts provide a probability measurement of the rf transition taking place: the ion being dark if the rf transition took place and bright otherwise. This process is repeated 200 times to obtain enough statistical data for one frequency point of an rf resonance scan.
The rf resonance scans are taken by stepping the rf signal generator in 5 Hz steps. The rf signal power is adjusted until the π-pulse time for the resonant transition is approximately 5 ms. The scans are fitted via a χ 2 minimization [12] to the usual Rabi flopping function [13] with additional offset and amplitude parameters to account for imperfect shelving. An example of a fitted scan is shown in Fig. 2(a) . Scans are repeated over a range of magnetic fields to map out the field dependence of the measured hyperfine interval.
The magnetic field for each rf resonance scan is measured in the 5D 3/2 manifold using the |F ′′ = 2, m F ′′ = 0 ↔ |F ′′ = 3, m F ′′ = ±1 transitions as in our previous work [10] . The time lapsed between taking the first magnetic field calibration measurement and measuring the hyperfine interval of interest is about 10 mins. It is therefore necessary to consider the effect of slow magnetic field drifts in this time period as these give rise to additional errors in the magnetic field calibration. The magnetic field drift was measured over a period of two hours to generate sufficient statistical data on the RMS of this slow drift. We determine the magnetic field to have 220 µG RMS drift over a 10 minute interval. This is a factor of four larger than the error in the fit of the magnetic field resonance scan.
The systematic influence of micromotion, stray repump light, stray Raman light and off resonant rf coupling encountered in this measurement are detailed in [10] . These errors do not have a large impact here as they are less than 0.5 Hz, which is smaller than the sta-0 100 200 300 400 500 600 700 800 900
Frequency -63057000 ( tistical error on the measured hyperfine intervals. However, there is an additional systematic error in the 5D 5/2 hyperfine interval measurements which is not present in the 5D 3/2 hyperfine interval measurements. The cause of this additional error originates from the proximity of the F ′′ = 3 and F ′′ = 4 levels. The rf field driving the trap electrodes induce currents that generate an rf magnetic field in the trap. The rf drive frequency is sufficiently close to transition frequencies between the m F ′′ states of the F ′′ = 3 and F ′′ = 4 levels that a significant ac-Zeeman shift results. This effect has previously been observed with trapped ions in [14] .
In the ideal geometry the null in the electric field would occur at the center of the trap and magnetic fields from the induced currents would cancel. However, fabrication imperfections or design asymmetries result in a non-zero magnetic field at the ion's position. To estimate the size of this field, we assume the rf electrodes carry equal currents. This gives rise to a zero magnetic field at the midpoint between the two electrodes. For a small displacement, δ, from the midpoint position, the magnitude of the B-field is then given by
where a is the separation of the electrodes, V 0 and Ω are the amplitude and frequency of the rf trapping potential, respectively, and C is the electrode capacitance. In our system we have a = 1.77 mm, V 0 = 120 V, and Ω = 2π × 10.6 MHz. For our trap dimensions, the electrode capacitance is estimated to be C ≈ 10 pF and, using δ = 25 µm as a typical dimensional tolerance, we estimate a B-field amplitude of approximately 10 mG. For a given polarization and magnitude of the rf magnetic field, it is straightforward to calculate the acZeeman shifts of each level as a function of the applied static magnetic field. To a good approximation this can be done by neglecting mixing with F ′′ = 1 and F ′′ = 2 levels as done in [11] . For the estimated rf field amplitude of 10 mG, the resulting ac-Zeeman shift can be on the order of 10 Hz and thus must be accounted for.
In order to precisely measure the ac-Zeeman shift at a particular static field it is necessary to measure the hyperfine transitions for a range of rf drive strengths and extrapolate the results to V 0 = 0. However, this is only practical at the field independent points where magnetic field drifts do not shift the resonance frequency. Measurements for the field independent point in the |2 ↔ |− transition at 1.68 G are illustrated in Fig. 3 . Due to the fact that the ac-Zeeman shift scales with the square of the B-field and thus with the square of the drive voltage V 0 , a quadratic fit centered at a rf drive voltage V 0 = 0 is used. Similar measurements at the other field independent points were inconclusive as the transition frequency did not significantly shift over the range of possible rf drive voltages.
Since the ac-Zeeman shifts can only be reliably measured at one magnetic field independent point, we scale the calculated values to coincide with the measured value. In principle this requires an estimation of the polarization components of the rf magnetic field. Although the components cannot be readily determined, for a given field strength the ac-Zeeman shifts due to a π polarized field are about two orders of magnitude smaller than for the σ ± components. For the expected field amplitude of 10 mG, the shifts are less than 0.2 Hz and thus we can safely neglect the π component. Furthermore, a significant difference in the amplitude of the σ + and σ − components can only be present when there is a phase shift in the currents and thus voltages between the rf rods. This phase shift would result in micromotion that cannot be compensated. However, from the micromotion compensation level achieved in this trap [15] , we can safely neglect any phase shift and assume equal contributions from the σ + and σ − components. We can thus scale the calculated ac-Zeeman shifts to the value obtained for the field independent point in the |2 ↔ |− transition at 1.68 G. We note that the estimated rf B-field amplitude based on this approach is 10.8(6) mG, which is consistent with the crude estimate above. We also note that the inferred ac-Zeeman shifts for the other field independent points are approximately 2 Hz or less. This is on the order of the error of the rf resonance scan and is thus consistent with the inconclusive measurements at these points. From the ac-Zeeman shift calculations and the inferred rf B-field amplitude, the data points are corrected to remove the ac-Zeeman shift.
The full magnetic field dependence of the three hyper- Using a χ 2 minimization, we perform a global fit of all measured hyperfine intervals and magnetic fields to the appropriate eigenvalues of the Zeeman Hamiltonian given in Appendix B. The model has a total of 5 parameters: the three zero field hyperfine splittings, δW F , the Landé g-factor, g J , and the mixing coefficient, β 3 , that takes into account the effect of hyperfine mixing between the F = 3 levels of the 5D 5/2 and 5D 3/2 manifolds. To a good approximation this mixing only effects the energies of the |± states as is discussed in Appendix B. Due to the sensitivity of the fit to g J , we included it as a fitting parameter. For the mixing coefficient, we note that since β 3 depends on exactly the same matrix elements as the correction factors η and ζ, the coefficient β 3 is not independent of η and ζ. Moreover, as a function of the static B-field, both the ac-Zeeman shift and the hyperfine mixing give approximately linear shifts in the energies of the |± states. Thus an error in one can be compensated to a degree by a change in the other. For these reasons we leave β 3 fixed to the theoretical value of β 3 = 1.698(17) × 10 −5 .
Fitting the experimental data gives a reduced χ 2 = 1.10 and the resulting zero field values are given in Table I. The statistical errors given are the 68% confidence intervals extracted from the fits using standard statistical methods. The systematic error accounts for the uncertainty in the theoretical value for the β 3 parameter and the uncertainty in the measured ac-Zeeman shift. The derived systematic errors in the zero field splittings and g J correspond to the largest change in the results of the fit when changing the input parameters by their estimated one standard deviation error. For g J we obtain a value of
which is within 3σ of the value reported in [16] , but is one order of magnitude more accurate. During the preparation of this manuscript we became aware that the authors of [16] made an improved measurement of g J [17] , which provides a 50-fold improvement in accuracy over their previous work. We note that our value is also within 3σ of their new value. We also note that, if β 3 is included as a fitting parameter, the fitted value is 13% smaller than the theoretical one and the estimated zero field splittings do not change by more than twice the total error (statistical+systematic) with the most significant change occurring for δW 3 . The hyperfine coupling constants are determined from the obtained hyperfine intervals and are presented in Table II. The statistical and systematic errors on the hyperfine intervals are added to give the total error on the hyperfine constants. Each constant falls within one standard deviation of previous work [18] but all are three orders of magnitude more accurate. The two measurements of the hyperfine constants C performed in the 5D 3/2 and 5D 5/2 manifolds allow the nuclear octupole moment of 137 Ba + to be calculated three different ways. From Eqs. (5), (7) and (9) we have
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which are all within one standard deviation of each other. They also act as a self consistency test between the two separate measurements. As all three values lie within one confidence interval, the perturbation theory used to obtain ζ in [19] and the off diagonal matrix elements given in Appendix A proves to be accurate. Do note that the sign of the octupole moment has changed with respect to our previously published value [10] , which is due to a change in convention of how we relate the octupole moment to the hyperfine C constant. This is now consistent with the description given in [20] . Our calculations for the off diagonal matrix elements have improved with respect to [21] and for this reason the D 3/2 hyperfine constants are reviewed in Appendix C. In summary, we have performed simultaneous high precision measurements of the hyperfine splittings of the 5D 3/2 and 5D 5/2 manifolds of 137 Ba + , that provide an independent measurement of the nuclear octupole moment and a self consistency check of the associated structure calculation. We have also provided an improved value of g J for the 5D 5/2 manifold, which has a 10 fold improvement in accuracy. Our measurements have sufficient precision that hyperfine mixing between the two fine structure levels must be taken into account. Although we are only sensitive to mixing of the F = 3 levels, we note that measurements of the splittings in the 5D 3/2 manifold for transitions between m F = ±1 states would also be dependent on the mixing of the F = 1 and 2 levels. Thus, in principle, our measurements could be improved such that all three mixing coefficients, β k , become measurable quantities. This would provide a direct measurement of the reduced matrix elements D 3/2 ||T e k ||D 5/2 .
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APPENDIX A
In this section we give details on the exact method followed to obtain the correction terms η and ζ. For our calculations, we follow the normalization convention for the reduced matrix elements I||T n k ||I and γ ′ J ′ ||T e k ||γJ such that the Wigner-Eckert theorem takes the form
where T q is the q component of the spherical tensor of rank k, T (k) , j, j ′ are angular momenta with m and m ′ their respective projections along the quantization axis. Note that from this convention it follows that
which in our case, leads to a sign difference between the reduced matrix element and its conjugate. Applying the Wigner-Eckart theorem on the nuclear and electronic spaces we arrive at
which is in agreement with the equation from [19] for the off diagonal matrix elements 1 . Note that in an earlier work by the same authors there is a sign difference in Eq. (3) of [8] that differs by a factor of (-1) (J−J ′ ) from our result. The symbols represented by I, J, F and M F are the nuclear spin, total angular momentum, hyperfine quantum number and its projection along the axis of quantization respectively. The correction terms are then derived for η and ζ to be
where D 
which comes from our D 3/2 hyperfine B constant given in Table VI converted by the diagonal matrix element D In this appendix we discuss the model used for fitting the data. This model incorporates the influence of hyperfine mixing between the 5D 3/2 and 5D 5/2 manifolds. In Ba + the fine structure splitting of the 5D level is very large (24.0 THz) and thus the influence of any mixing between the 5D 3/2 and 5D 5/2 manifolds can be determined by perturbation theory.
Since the Zeeman interaction only mixes states with the same m F , we can restrict ourselves to a particular m F . Neglecting any mixing with the D 3/2 levels, the Hamiltonian in the presence of a magnetic field for the m F = 0, ±1 levels of D 5/2 is given by
where U mF is the unitary transformation between the F and IJ bases for the m F level of interest. We note that we have omitted a term g I m F µ B IB which, being proportional to the identity matrix, simply adds to the energy eigenvalues and does not impact on any of the following discussion.
The Hamiltonian given in Eq. (26) neglects mixing of the 5D 3/2 and 5D 5/2 levels. Strictly speaking, the hyperfine eigenstates are given by
where the coefficients α F , β F are independent of m F and satisfy α 
where matrix elements of H a , H b , and H ab are given by
The parameters β F can be determined from atomic structure calculations and to first order in the hyperfine interaction we have [19] 
Accuracy of a few percent can be obtained by including only the k = 1 and 2 terms in the summation. The reduced matrix elements I||T n k ||I can be determined from the nuclear multipole moments and, from [19] , they are 2 5 3 µ and √ 5Q for k = 1 and 2 respectively where µ and Q are given in Eqs. (22) and (23) 
Due to the fact that only F = 3 and F = 4 levels are mixed significantly by the Zeeman interaction, the uni-tary transformation that diagonalizes Eq. (26) has the approximate form
where R is a rotation matrix that depends on the strength of the magnetic field. Consequently, in the basis of states that diagonalizes Eq. (26), there are no significant diagonal elements of the perturbation associated with the states |1, 0 and |2, 0 . Calculations confirm shifts of < 1 Hz for magnetic fields of < 2 G. Thus, for the energies of these two states we can neglect mixing with the D 3/2 manifold altogether. We note that the lack of diagonal elements in the perturbation for the m F = 0 case is a consequence of the magnetic dipole selection rule that m ′ F = 0 ↔ m F = 0 is forbidden when ∆F = 0. Consequently, our previous measurements for the D 3/2 level were not affected by hyperfine mixing of the fine structure levels.
For the m F = ±1 case, the perturbation has the form
The states of interest here are those associated with the F = 3 and F = 4 levels. From the approximate form of the unitary transformation that diagonalizes Eq. (26), these levels are only influenced by the terms proportional to β 3 , and we note that these elements provide level shifts on the order of β In this section we review the hyperfine constants for the D 3/2 , which are presented in Table VI . These hyperfine constants differ with respect to the most recently published values in [21] . This is due to previously having an error in the code used in the calculations of the off diagonal elements given in Table III compared with [10] and they also differ due to a factor of (−1) J−J ′ error we made with correction factor η for which we apologize.
